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In this paper we consider a parabolic inverse problem in which an unknown 
function is involved in the boundary condition, and we attempt to recover this 
function by measuring the value of the temperature at a fixed point on the bound- 
ary. The motivation for studying this problem arises from some physical models 
such as a heat conduction system where the heat exchange between the system and 
its surrounding is unknown. We apply the singularity estimates for the fundamental 
solution of a parabolic equation along with the generalized Bellman-Gronwall 
inequality to obtain the continuous dependence of the solution upon the known 
data. Uniqueness of the solution is established as a direct corollary. 0 1990 Academic 
Press, Inc. 
1. INTRODUCTION 
Consider a physical heat conduction process in a dynamical system 
where we assume that the heat flux across the boundary varies with the 
temperature but do not know the actual law of heat exchange between the 
system and its surrounding. This situation could occur when such exchange 
is a combination of both heat convection and radiation. It is therefore 
of physical interest to be able to recover such a law of exchange, and 
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this paper addresses the question of whether the law can be uniquely 
determined by a measurement of the temperature at a certain fixed point 
on the boundary. We show that this is the case, and in addition prove that, 
in a sense to be defined, it depends continuously on the values of the 
temperature measurement. 
The precise mathematical statement of this physical description is as 
follows: 
Let T > 0 and Qr= 52 x (0, T], where 52 is a bounded region in R” with 
a smooth boundary S= 6X2. Find a pair of functions U(X, t) and p(s) 
defined on Q, and [A, B], respectively, which satisfies the equations 
u, - Au = f(x, t), in QT, (1.1) 
g+ P(U) = g(x, f), on ST= XJ x [0, T], 
44 0) = %(X), on 0 (1.3) 
and the additional condition 
4x0, t) = h(f), TV [O, Tl, 
where x0 is a fixed point of XI, N is the inner normal to %2, and 
A = minn, U(X, t) and B = maxor u(x, t). 
Recently, considerable attention has been paid to the recovery of one or 
more coefficients for a parabolic initial-boundary problem from over- 
specified conditions; see [ 1-3, 7, lo], for example. Several authors have 
considered inverse parabolic problems in which an unknown coefficient 
appears on the boundary. One model makes the assumption that the heat 
flux across the boundary is a linear function of the temperature, that is, the 
relation 
auto, t) 
ax+ h(f) 40, f) = g(t), te IX, Tl, 
holds, but where h(t) is unknown. T. Suzuki [ 13-151 proved that one can 
uniquely determine the function h(t) from spectral data using the method 
of Gel’fand-Levitan. For additional work in this direction see [9, 111. For 
the semilinear problem (l.l)-( 1.3), Scheglov [ 123 used integral estimates to 
prove uniqueness of the solution in the class of piecewise analytic functions. 
More recently, Pilant and Rundell [lo] studied the problem (l:l)-(1.4) in 
one space dimension and established a local existence and uniqueness 
result using the contraction mapping principle. 
Many of the uniqueness results obtained for inverse problems for semi- 
linear parabolic equations rely on the monotonicity of the solution in the 
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time variable. Not only does this restrict the class of problems considered, 
but uniqueness results are obtained only within a restricted class (essen- 
tially analytic functions) of coefficients. Such was the case for the recovery 
of unknown, temperature dependent conductivities or forcing functions 
from overspecilied boundary data in [4,7, 81. The aim of this paper is 
to show the uniqueness and the continuous dependence of the classical 
solution for (l.l)-(1.4) without making a priori assumptions on the 
monotonicity of U. Our technique has the additional advantage of showing 
uniqueness in what is essentially the largest class of coefficients for which 
a strong solution of the direct problem exists. The proof is based on 
singularity estimates for the fundamental solution of the heat equation and 
an application of the generalized Bellman-Gronwall inequality. 
2. NOTATION AND STATEMENT OF MAIN RESULTS 
We follow the notation of [S] for the spaces and their norms. By a 
solution to the problem (l.l)-(1.4) we mean 
DEFINITION. A pair of functions u(x, t) and p(s) defined on QT and 
[A, B], respectively, is called a classical solution of the problem (1.1 )-( 1.4), 
if 
(1) u(x, t)e C3s3”(&) and pi C’[A, B]; 
(2) the inequality h(O) f u(x, t) <h(t) for XE S and t E [0, YJ holds; 
(3) Eqs. (1.1 )-( 1.4) are satisfied in the classical ‘sense, where A = 
minQ, u(x, t), and B = minlTT U(X, t). 
Remark. As was pointed out in [lo], one cannot in general expect that 
a solution of problem ( 1.1 )-( 1.4) has the property (2), and it is difficult to 
give conditions on the data to guarantee this inequality since u(x, t) 
depends on the unknown function p(s). In addition, if p > 0, the physical 
interpretation is that heat is being pumped into the region through the 
boundary and if p(u) is not uniformly Lipschitz then the temperature may 
“blow up” in finite time. In this case we could not expect to solve even the 
direct problem for all values of T. 
We assume the following basic regularity assumptions hold throughout 
this paper: 
R: The functions g(x, t) E C2*‘(ST) and h(t) E C’[O, T]. Moreover, 
the function h(t) is monotonic increasing on [0, T]. 
Our main result is: 
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THEOREM. Assume the condition R is satisfied. Let (u(x, t), p(s)) and 
(U(x, t), p(s)) be two solutions of the problem (l.l)-(1.3) satisfying the 
overposed conditions 
4x,, t) = h(t), O<t<T (2.1) 
and 
2(x,, t)= h(t), O<t<T, (2.2) 
respectively. Let H(s) and R(s) denote the inverse functions of h(t) and h(t). 
Then 
SUP IP(s)-~(s)I~C SUP IW+@dl, 
AGSSB A<S<B 
where C is a constant dependent upon u(x, t), U(X, t), and the known data. 
This shows the continuous dependence of the function p(s) on the over- 
posed data h(t) in the supremum norm. From this result we immediately 
obtain uniqueness of the solution of the inverse problem 
COROLLARY. Under the assumption R, the problem ( 1.1 )-( 1.4) can 
possess at most one solution. 
3. PROOF OF THE THEOREM 
We will need two results which we state as lemmas. The proof of the first 
is based on an iteration argument and can be found in [6]. The verification 
of the second lemma, which appears in [S], consists of a straightforward 
calculation. 
LEMMA 3.1. Let f(t) be a nonnegative nondecreasing function on [0, T J 
and let kE (0, 1). Zf 
then for some constant C= C(k, T), 
Y(f) G CT(t). 
LEMMA 3.2. Let 0 < a, b < n - 1, then 
I 
dv 
sb-Yla IY-(lb< 
cIX--J”-l-~--, if a+b>n-1; 
c ty a+b<n-1. 
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Let (u(x, t), p(s)) and (is(x, t), p(s)) be two solutions of the problem 
(l.l)-(1.3) with the overposed data (2.1) and (2.2), respectively, and let 
W(x, t)= u(x, t)-tl(x, t) for (x, t)~ &. Then W(x, t) must satisfy the 
equations 
W,-AW=O, in QT, (3.1) 
aw 
z + P(U) - P(G) = 0, on S, (3.2) 
W(x, 0) = 0, in 8. (3.3) 
Proof of Theorem. From the conditions (1.2) and (2.1), we have 
a4xo, t) 
aN + P@(t)) = dxo, th O<t<T, 
0 
and it follows by assumption R that 
P(S) = g(xo, H(s)) - wx,, fw aN 3 A<s<B, 
0 
where H(s) = h-‘(s) is the inverse function of h(t). Similarly, we have 
P(s) =g(xo, zm - wx,, A(S)) aN 7 AdsGB, 
0 
(3.4) 
(3.5) 
where P(s) = k’(s) is the inverse of h(t). Applying the mean value 
theorem, we find 
P(4-? t)) - P(e, 1)) = Mxo, H(4x, t))) - g(xo, m4x, f)))l 
a24xo, me, 0)) w,, ~u(x, 0)) - 
alv, - aN0 
= /qx, t) pqx, t) -aw(xo~ayx’ I))) 
0 
+ Y(X, f)CfJ(f4 - m41, (3.6) 
where 
L-Q, t)= [&(X0, 01(x, r)) - a2u(x;;a;F y H’(8,(x, t)), 
Yb, t) = gt(xo, e&t t)) - aw,, 8,(x, 4) ataN, ’ 
(x, t) E ST, 
ix, t) E ST, 
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while 0,(x, t) and 8,(x, t) are between H(u(x, t)) and H(fi(x, t)), &(x, t) is 
between U(X, t) and zi(x, t), and 0Jx, t) and ds(x, t) are between H(ti(x, t)) 
and ETi(ti(x, t)). 
It is clear by its definition that /?(x, t) is continuous on S,. We now 
substitute p(u) - p(u) in Eq. (3.2) by its expression in (3.6) and employ the 
representation of the solution for a boundary value problem of the second 
kind (see [S]). This gives 
where the function T(x, t; <, z) is the fundamental solution of the heat 
equation (3.1) and the function cp(x, t) is the solution of the integral 
equation 
dx, t) = Wx, 1) + j-; Is [ “?&:; 2 ‘liT) + B(x, f) T(x, c 4, ~1-j (~(5, ~1 ds, dT 
(3.8) 
for (x, t) E ST and where 
F(x 
, 
t) = awxo, H(W, t))) 
aN0 
+ lo, t)CH(W, t)) -ma t))l, (4 t) E ST. 
It is well known [S] that 
C 
where ,U is an arbitrary number in the interval (0, 1). Moreover, since S, as 
well as the coefficients of Eq. (2.1), are smooth, we apply the estimate 
(2.12) of Chapter 5 in [S] with p= 1 to find that 
am, 1; 5, T) C 
W-T t) d (t-TIP Ix-(y”-*P’ 
t > T, (3.10) 
where p lies in the interval (f, 1). 
If we restrict p to the interval (4, l), and use the estimates (3.9) and 
(3.10) in (3.8), we obtain 
where we have used Lemma 3.2 to obtain the final inequality. 
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Let F*(~)=sup~.~~~ llF(., <)llLm(Sj. Then using (3.9), for tE [0, T] 
and an application of Lemma 3.1. gives 
IId-, t)ll LyS) G cF*(t), t E [O, T]. (3.12) 
If we now differentiate (3.7) in the direction IV, and evaluate at x0, we 
obtain 
awxo, t) = t 
Li 
wxo, t; 5,z) 
aN, 0 s aN0 d5,~) ds, 4 
t E [O, T]. (3.13) 
From the assumptions on a solution, one has 
h(O) < qx, t) < h(r), XES, tE [O, T], 
and thus 
0 < H(ti(x, t)) < t, cc [IO, T], XEx2. 
Consequently, 
aWxo, WW, r))) 
sup 
OCrGf alv, /Go::, l%Y r)/* 
Let us define 
S(t) = sup 
aVxo, r) 
OCrGf I I 
aN , tE [O, T]. 
0 
Now for TV [O, T], 
F*(t) = sup IlfT., r)ll Lm(S) 
O<r<t 
d sup 
/I 
aWxo, Ht., r)) 
O<r<t aNo LYS) 
+ SUP IIY(.~ r){H(~(., r))-A(c(., r))IllLm(S) 
O<r<t 
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and we can use the estimates (3.10), (3.12), and (3.14) to obtain 
=g$. {w)+o~lJI IIH(u(.,r))-~J(u(~,r))llr~,s)) . . 
G c*t' -"{S(t) + sup IIH(U( ., r)) - R(zq .) '))(lLys)}. (3.15) 
O<r<l 
If we restrict T by the condition 0 < Tb To = [ 1/2C*] “(* -J’J, we have 
s(f) 6 c sup llH(u(., r)) - J%Q(., r))ll,m(,), f~ CO, Tol. 
O,cr<t 
We can repeat the above procedure and obtain the estimate (3.15) for all 
To -C T provided that the direct problem has a solution over this range. 
From (3.4) and (3.5) one has 
/p(s) - jqs)l. = a(s)[H(s) -R(s)] - dw(ycy 
0 
where 
< c IH(s) - B(s)1 + CS(R(s)), (3.16) 
4s) = g&o, al(s)) - 
a24xo> oh)) 
m,at ’ 
while a,(s) and IT*(S) are the respective mean values of the functions 
g(x,, t) and &(x0, t)/a2vo between H(s) and R(s). Noting that 
A d U(x, 1) < B we have from (3.15) that 
s(m)) G c SUP IIH(t-4~, r)) - @4., r))ll.m(,) 
0 <r L R(s) 
<c sup /H(s)- R(S)/. 
ACS<B 
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Finally, we apply the above estimate to the inequality (3.16) and obtain 
SUP IAs) - &3s)l6 c sup W(s) - B(s)1 
O<S<B A<S<B 
to complete the proof of the theorem. 
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